Marginal fermi liquid and quantum critical points (QCP) with strong fractionalization are two exceptional phenomena beyond the classic condensed matter doctrines, both of which could occur in strongly interacting quantum many-body systems. This work demonstrates that these two phenomena may be tightly connected. We propose a physical mechanism for "nearly-marginal Fermi liquid", namely the fermion self-energy scales as Σ f (iω) ∼ isgn(ω)|ω| α with α close to 1 in a considerable energy window. The nearly-marginal fermi liquid is obtained by coupling an electron fermi surface to unconventional QCPs that are beyond the Landau's paradigm. This mechanism relies on the observation that the anomalous dimension η of the order parameter of these unconventional QCPs can be close to 1, which is significantly larger than conventional Landau phase transitions. The fact that η ∼ 1 justifies a perturbative renormalization group calculation proposed earlier. Candidate QCPs that meet this desired condition are proposed.
INTRODUCTION
In the past few decades, a consensus has been gradually reached that quantum many-body physics with strong quantum entanglement can be much richer than classical physics driven by thermal fluctuations [1, 2] . Classical phase transitions typically happen between a disordered phase with high symmetries, and an ordered phase which spontaneously breaks such symmetries. Classical phase transitions can be well described by the Landau's paradigm, but the Landau's paradigm may or may not apply to quantum phase transitions that happen at zero temperature. Generally speaking, the Landau's formalism can only describe the quantum phase transition between a direct-product quantum disordered state and a spontaneous symmetry breaking state; but it can no longer describe the quantum phase transition between two states when at least one of the states cannot be adiabatically connected to a direct product states, i.e. when this state is a topological order [3] ; nor can the Landau's paradigm describe generic continuous quantum phase transitions between states with different spontaneous symmetry breakings [4] [5] [6] .
Phenomenologically, in contrast with the ordinary Landau's transitions, non-Landau transitions often have a large anomalous dimension of order parameters, due to fractionalization or deconfinement of the order parameter [7] [8] [9] [10] . The ordinary Wilson-Fisher (WF) fixed point in (2+1)d space-time (or three dimensional classical space) has very small anomalous dimensions [11] , meaning that the Wilson-Fisher fixed point is not far from the mean field theory. In particular, in the large−N limit, the anomalous dimension of the vector order parameter of the O(N ) Wilson-Fisher fixed point is η ∼ 0; while the CP N −1 model, the theory that describes a class of non-Landau quantum phase transition [4, 5] , has η ∼ 1 in the large-N limit [12] . Numerically it was also confirmed that the quantum phase transition between the Z 2 topological order and the superfluid phase has η ∼ 1.5 [13, 14] , as was predicted theoretically. The large anomalous dimension has been used as a strong signature when searching for unconventional QCPs numerically.
In this work we propose that the unconventional QCPs with strong fractionalization may also be responsible for another broadly observed phenomenon beyond the classic Landau's theory: the non-Fermi liquid whose fermion self-energy scales Σ f (iω) ∼ isgn(ω)|ω| α with α < 1. When α = 1, this non-fermi liquid is referred to as marginal fermi liquid [15] . Signature of marginal fermi liquid and nearly-marginal fermi liquid have been observed rather broadly in various materials [16] [17] [18] . In this work we will focus on the non-Fermi liquid that is "nearly-marginal", meaning α is close to 1.
We assume that there exists a field O(x, τ ) in the unconventional QCP that carries zero momentum, and it couples to the fermi surface in the standard way: d 2 xdτ gψ † T ψO, where T is a flavor matrix of the fermion. We assume that we first solve (or approximately solve) the bosonic part of the theory, i.e. the strongly interacting QCP without coupling to the fermi surface, and calculate the anomalous dimension η at the QCP:
where Ω ∼ v 2 q 2 + ω 2 . Then the fermion self-energy, the quantity of central interest to us, is computed perturbatively with the boson-fermion coupling g. When the anomalous dimension η is close to 1, we can take η = 1 − with small . Ref. 19-21 developed a formalism for the boson-fermion coupled theory with an expansion of , though eventually one needs to extrapolate the calculation to = 1 for the problems studied therein [19] [20] [21] , and the convergence of the arXiv:1911.08503v1 [cond-mat.str-el] 19 Nov 2019 −expansion at = 1 is unknown, i.e. even if we start with a weak boson-fermion coupling, it would become nonperturbative under renormalization group (RG). But we will demonstrate in the next section that in the cases that we are interested in, is naturally small when η is close to 1, due to the fractionalized nature of many unconventional QCPs. To the leading nontrivial order, our problem can be naturally studied by the previously proposed perturbative formalism with small .
PERTURBATION OF
We begin by reviewing the −expansion developed in Ref. [19] [20] [21] , and demonstrate how perturbation of is naturally justified for some unconventional QCPs. The low-energy theory of the fermions expanded at one patch of the fermi surface is
where x is perpendicular to the fermion surface and y is the tangent direction. Our main goal is to evaluate the fermion self-energy to the leading nontrivial order of the boson-fermion coupling. We will show that this is equivalent to the leading nontrivial order of = 1 − η. At this order of expansion of , for our purpose it is sufficient to consider a simple "effective action" of O(x, τ ):
which will reproduce the correlation function of O(x, τ ). When the boson-fermion coupling is zero, i.e., g = 0, the system is at a Gaussian fixed point with the following scaling dimensions of spacetime coordinates and fields
We then turn on the boson-fermion interaction d 2 xdτ gψ † T ψO and consider the perturbative RG at the Gaussian fixed point. We find that the scaling dimension of g is [g] = /2, hence it is weakly relevant if is naturally small, and it may flow to a weakly coupled new fixed point in the infrared which facilitates perturbative calculations with expansion of .
Under the rescaling x = xb −1 the fermion acquires a one-loop self-energy
In the boson correlation function, v 2 q 2 x and ω 2 are irrelevant compared with v 2 q 2 y , hence we first integrate over q x , and the fermion propagator contributes a factor sgn (ω + ν) i/(2v F ). We then perform the ν integral and finally integrate q y over the momentum shell Λb −1/2 < |q y | < Λ. The last integral is evaluated at = 0, which is valid at the leading order perturbation of . This procedure leads to
where the parameter Υ ∼ 1/(4π 2 v F v). Furthermore, the one-loop correction to the fermion-boson vertex can be shown to vanish [21] . We will show that the boson-fermion coupling constant g does flow to a fixed point g 2 * ∼ , hence higher loop diagrams for Σ f will also be higher order in expansion. At this potential new fixed point induced by interaction g, the transformation of the spacetime coordinates under rescaling can be effectively captured by the following new scaling dimensions:
now under rescaling, the behavior of the field operators ψ, O is captured by the following reassigned "scaling dimensions"
The scaling dimension of g is corrected accordingly [g] = /2−g 2 Υ. Now under rescaling x = xb −1 , the flow of the coupling g is modified to g = gb ( −2g 2 Υ)/4 , from which a corrected beta function of g 2 can be derived:
Thus, we indeed find a fixed point at weak coupling g 2 * = /(2Υ). Combining the calculations above, the fermion self-energy at this infrared fixed point reads
which gives a nearly-marginal Fermi liquid behavior for small but finite . Here we stress that, our main goal is to compute the fermion self-energy to the leading order of boson-fermion coupling g 2 * ∼ , assuming a weak initial coupling g. At higher order expansion of the bosonfermion coupling, corrections to the boson field selfenergy (for example the standard RPA diagram) from the boson-fermion coupling needs to be considered.
CANDIDATE UNCONVENTIONAL QCPS
(1) Bosonic-QED-Chern-Simons theory In the following we will discuss candidate QCPs which suffice the desired condition η ∼ 1, or 1. When we study the pure bosonic sector of the theory, we ignore the coupling to the fermions, assuming the bosonfermion coupling is weak, which is self-consistent with the conclusion in the previous review section that the boson-fermion interaction will flow to a weakly coupled fixed point g 2 * ∼ . As we stated in the previous section, we will start with a weak boson-fermion coupling g, and eventually we only compute the fermion self-energy to the leading nontrivial order of the fixed point g 2 * ∼ . In the purely bosonic theory, the scaling of the space-time has the standard Lorentz invariance. To avoid confusion, we use "[ ]" to represent scaling dimensions under the scaling Eq. 7 of the one-patch theory in the previous section, and "{ }" represent the scaling dimension in the Lorentz invariant purely bosonic theory. At a QCP, multiple operators will become "critical", namely multiple operators can have power-law correlation. We will demand that the operator with the strongest correlation (smallest scaling dimension) satisfy the desired condition, since this is the operator that provides the strongest scattering with the electrons.
We consider (2+1)d bosonic quantum electrodynamics (QED) with N flavors of bosons coupled to a noncompact U(1) gauge field with a Chern-Simons term:
The following operators are gauge invariant composite fields, which we assume are all at zero momentum:
Potential applications of this field theory to strongly correlated systems will be discussed later. To compute their scaling dimensions, we introduce two Hubbard-Stratonovich(HS) fields to decouple the quartic potentials:
We will consider the following two scenarios: (1) u → 0, u > 0, where σ − is fully suppressed and the system has a full SU(N ) × U(1) T symmetry, where the U(1) T is the "topological symmetry" that corresponds to the conservation of the gauge flux; and (2) u, u > 0 when the SU(N ) symmetry is broken down to SU(N/2) × SU(N/2) × U(1) Z 2 , where the U(1) Z 2 is the symmetry within the Pauli matrix space in Eq. 12.
In scenario (1) with a full SU(N ) symmetry, at the critical point r = 0, the field σ + acquires a self-energy in the large−N limit
Hence the propagator of field σ + in the large−N limit reads
Similarly, for the gauge field, the self-energy in the large−N limit is
When combined with the Chern-Simons term, in the Landau gauge, the gauge field has the following large−N propagator [3] 
where
After introducing the HS fields, the scaling dimension of the composite operator O 0 of the original field theory Eq. 11 is "transferred" to the scaling dimension of the HS fields σ + . To the order of O(1/N ), the Feynman diagrams in Fig. 2 contribute to the σ + self energy, which was computed in Ref. 3 . But it is evident that in the large−N limit, the scaling dimension of σ + (and the scaling dimension of operator O 0 of the original field theory Eq. 11) is lim N →∞ {O 0 } = 2, hence it does not meet the desired condition. When O 0 couples to the Fermi surface, the boson-fermion coupling will be irrelevant in the one patch theory discussed in the previous section according to the scaling of space-time Eq. 7.
The scaling dimension of σ 1,3 equal to each other with a full SU(N ) symmetry, and unlike O 0 , they have scaling dimension 1 in the large−N limit. The 1/N corrections to their anomalous dimensions come from diagram (a) − (d) in Fig. 2 , or equivalently through the standard momentum shell RG:
Ref. [12] and references therein have computed scaling dimensions of gauge invariant operators for theories with matter fields coupled with a U(1) gauge field, without a Chern-Simons term. Our result is consistent with these previous references, since lim k→0 {O 1,3 } = 1 − 16/(π 2 N ), which is the result of the CP N −1 model with a noncompact gauge field. Also, in the limit of k → +∞, our result is consistent with Ref. [12] when the fermion component is taken to be infinity, since both limits suppress the gauge field fluctuation completely. In general operators O 1,3 have stronger correlations than O 0 , hence they will make stronger contributions to scattering when coupled with the fermi surface. As an example, the anomalous dimension of O 1,3 with k = 1/2 reads
which is reasonably close to 1 even for N = 2.
In scenario (2) we should keep both σ + and σ − in the calculation, and both σ ± (operator O 0 and O 3 in theory Eq. 11) have scaling dimension 2 in the large−N limit [22] . Now O 1 has the strongest correlation, and at the order of O(1/N ), its scaling dimension reads:
When k = N , its anomalous dimension reads
which is always very close to 1. Using the formalism reviewed in the previous section, by coupling to O 1 , the fermion self-energy would scale as Σ f (iω, p) ∼ −isgn (ω) |ω| 0.99 for N = 2. The field theory Eq. 11 describes a quantum phase transition from a topological order with Abelian anyons to an ordered phase that spontaneously breaks the global flavor symmetry. The flavor symmetry can be either a full SU(N ) symmetry (scenario 1) or SU(N/2) × SU(N/2) × U(1) Z 2 (scenario 2). So far we have assumed that the gauge invariant O 1,3 have zero momentum, hence they cannot be the ordinary antiferromagnetic Néel order parameter. But they could be (for example) the quantum spin Hall order parameter for N = 2.
Another interesting scenario is when N = 2, k = 0 and u > 0. In this case Eq. 11 is the same field theory as the easy-plane deconfined QCP between the inplane antiferromagnetic Néel order and the valence bond solid state on the square lattice. Recent numerical studies have shown that this quantum phase transition may be continuous, and the scaling dimension of both O 0 and O 3 are fairly close to 1 based on numerical results [10, 23] . It has been proposed that this field theory is self-dual [24] , and it is dual to the transition between the bosonic symmetry protected topological (SPT) phase and the trivial phase [25, 26] , which is directly describe by a noncompact QED with N = 2 flavors of Dirac fermion matter fields [27, 28] . The tuning parameter for this topological transition is instead coupled to O 3 . Hence this SPTtrivial transition is also a candidate quantum phase transition which meets the desired criterion proposed in our paper that leads to a nearly-marginal fermi liquid. But in these cases there are other fields (for example the inplane Néel order parameter) with smaller scaling dimensions, and we need to assume that these operators carry finite lattice momentum hence couple to the Fermi surface differently.
(2) Gross-Neveu-Yukawa QCP Another candidate QCP that likely suffices the desired condition η ∼ 1 is the Gross-Neveu-Yukawa QCP with N −flavors of Dirac fermion:
The ellipsis includes a standard φ 4 type of Lagrangian for bosonic field φ. In our context, the QCP describes a bosonic or spin system, hence χ is viewed as a fermionic slave particle of spin, i.e. the spinon, and we assume that χ is coupled to a Z 2 gauge field, namely the system is a Z 2 spin liquid with fermionic spinons. But the dynamical Z 2 gauge field does not lead to extra singular corrections to low energy correlation functions of gauge invariant operators, hence the universality class of Eq. 23 is still identical to the Gross-Neveu-Yukawa (GNY) theory, as long as we only focus on gauge invariant operators.
At the GNY QCP coupled with a Z 2 gauge field, the gauge invariant operator with the lowest scaling dimension is φ, and its scaling dimension can be found in Ref. 29 and references therein:
Other gauge invariant operators such asχT χ with a SU(N ) matrix T have much larger scaling dimension at the GNY QCP, for example {χT χ} = 2 in the large−N limit. If we replace the Z 2 gauge field by a U(1) gauge field, the U(1) gauge fluctuation will also increase = 1 − η compared with the situation with only a Z 2 gauge field. Hence a GNY QCP with a U(1) gauge field is less desirable according to our criterion. The GNY QCP coupled with a Z 2 gauge field can be realized in various lattice model Hamiltonians. For example, for SU(M ) spin systems on the triangular lattice with a self-conjugate representation on each site, using the fermionic spinon formalism, when there is a π−flux through half of the triangles, there are N = 2M components of Dirac fermions at low energy [30] . SU(M ) quantum magnet may be realized in transition metal oxides with orbital degeneracies [31] [32] [33] , and also cold atom systems with large hyperfine spins [34] [35] [36] [37] . Recently it was also proposed that an approximate SU(4) quantum antiferromagnet can be realized in some of the recently discovered Moiré systems [38] [39] [40] , and a SU(4) quantum antiferromagnet on the triangular lattice may realize the Z 2 −gauged GNY QCP with N = 8. On the other hand, a SU(M ) spin systems on the honeycomb lattice can potentially realize the GNY QCP with N = 2M (with zero flux through the hexagon) or N = 4M (with π−flux through the hexagon).
The operator φ is odd under time-reversal and spatial reflection, hence physically φ corresponds to the spin chirality order. Hence the Z 2 −gauged GNY QCP is a quantum phase transition between a massless spin liquid and a chiral spin liquid.
CONCLUSION
In this work we proposed a physical mechanism that naturally leads to the nearly marginal fermi liquid, a quantum state of matter observed broadly in strongly correlated systems. This mechanism demonstrates that two exceptional phenomena beyond the standard Landau's paradigm, i.e. the non-Landau quantum phase transitions and the non-fermi liquid may be tightly connected: a non-Landau quantum phase transition can have a large anomalous dimension η ∼ 1, which physically justifies and facilitates a perturbative calculation of the Boson-Fermion coupling fixed point in the infrared. Several candidate QCPs that suffice this condition were proposed, including topological transitions from Abelian topological orders to an ordered phase, and a Gross-Neveu-Yukawa transition of Z 2 spin liquids. This work is supported by NSF Grant No. DMR-1920434, the David and Lucile Packard Foundation, and the Simons Foundation. 
